
I. Immoductionto Handlebody Decompositions

Our main goal is to understand manifolds using a

simple "decomposition" of them in to "handles"

it turns out all smooth manifolds have such decompositions
and we can use them to understand manifolds

,

in

all dimensions
, fairly explicitly

we will i) prove the h-cobordism theorem,

and hence
,

the high dimensional
Poincare conjecture

2) classify surfaces using handle bodies

3) study 3-manifold where handle body
decompositions are called

Heegaard decompositions
we will see how to understand

anot and surgery from this

perspective
4) Study 4-manifolds using "Kirby

pictures" where we can see
-

things about 4-manifolds

5) hopefully many other things !

we will study manifolds with boundary and we

want some "control" on the boundary
such manifolds are called cobordisms



A
.

Cobordisms

The main objects we will study are cobordisms

a cobordism Wh" is an oriented (+ 1) dimensional

manifold and a splitting of its boundary

2w = (G w)v(+ w) reverse orientation
↓-

into disjoint pieces lower boundary uppen

↓ - boundary
C

we say W is a cobordism from 2
-

W to G+
W

we will always assume W isact (this is a standard
assumption

- 2
+

W Sh

Za
2

↳

3

- -2w &W

denote : 2
-

W
+

W

simple example: If M" is any compact oriented

n-manifold then W = [0, 13 xM" is
TM

a cobordism from M to M order important !

⑦
ar 2+

w = M

-2w 2
-

w = M

recall orient >W by outward normal first



Remarks : 1) a cobordism with 2 = 0 is just a manifold

2) a cobordism withoO is just a manifold
with boundary

3) can consider cobordism with out orientation

(then just ignor the -before 2-w)

4) note W is also a cobordism from -GW to-7
.

W

-aw 5.

w -

we say this is Whpsidedown

and denote itI

and-W is a cobordism from -1
-

W to both
and from JW to 2.W

exercise :

1) Lobordism defines an equivalence relation

on the set of closed(oriented) n-manifolds

let 1
R

-
Eclosed

,
oriented R-manifolds)/voriented

↑
sometimes written

cbordism

48

2 =
closed

,h-manifolds3/ncobordism (not nec orient)R

↑ sometimes written Um



Clots of others e
.g.in closed

,
spir -monifolds upto

~ Spincobordism)
don't worry if you don't know

what this is
, just gnor for now

2) if M
,
M' are closed h-manifolds then

MHM' is cobordant to M#M'
↑

so any
[MJ E

n

connected sum

can be realized ⑭
by a connected

R-ball
removemanifold ⑪losTinn-ball

-glue

⑪i
#M

Hint : D'xpk-glued to (Mum') x &is
!) along (GD1) X DR -

·TMyan 11 Mx [0, 1]

T
un spm) aree3) Show thp (and -

roups under the operation of

disjoint union (or connected sum)
·What is identify ? (0 or any M" that

is 2 of (+ 1) mfd)
· what are inverses ? (Think about M-BK)x90, 13)



Facts : k)0 I 23 4 5

-k Z 00 0 E 7/2

-Ele O E12 O EBEI2 /2
~Spin I

Z z1z #10 ⑧

note : this says any oriented h-manifold

bounds a (K +manifold for= 1
, 43

but the same is nottrue for k = 4

we will probably prove some of these

exercise :

1) compute for for h = 0
, 1

:
2

(you need the classification compact

of 0
.

1
,
2 monifolds for this

2) do the same for this

#int : for e try to show

x(2wk) = ( -t(k) X(zw)

so X(2) mod 2 is an invariant

of cobordisms

now X(RP2) is odd so

[IRp21] = 0 in



we also consider generalizations to cobordisms of

manifolds with boundary
a cobordism of manifolds with boundary is a compact

oriented manifold (with corners) wat whose

boundary is written

2 w = (G - w)v(2 w) v(a
+

w)
where

1) G
- w12+

w = 0

2) GoW is a cobordism from
2

- (Gw) to G+ (2- W)
3) 2(6

+ W) = 2
+(0W) and

2 (o
-

w] = 2 - (rw)

a manifold with corners is a smooth manifold with

coordinate charts modeled on

& (x) - -
Yn)(Xn

, xy- ,
z0) & (x) - -

Xn)(xn = 0
,

ya- 1 = 04

S

Xboundary
1/ppmiopointyboundary ⑭

interior



example :

1) let M be an oriented manifold with boundary
then W = [0 , 1] x M is a cobordism of

manifolds with boundary

17 2+ w= (1) x M

- 2
.
w = S'x [0, 1]-an

So W = M

2-W = S'x [0
, 1]

2+ (w) = 5 = 2 (h)

- 2. (w) = < =0W

ww
cobordism to to

2
.
%W G,W

GW= 2(2+
W = =6

2-W= 2 (2
.
W = =



" 20
=

I

2-W
⑪ a

Remark : if every component of C
+

W and 2.W have

boundary and GrW is a product
(2.. bW = [0

.
1] x 6(2-W)) then

W is sometimes called a sutured manifold

Isometimes allow certain closed components
e.g. Gabai's sutured 3-manifolds are

allowed to haveTh components in Jul

a first step to understanding cobordisms is to

consider Morse functions.

B
.Muse functions

a Morse function on a manifold M is a function

fil-IR

such that all critical points are non-degenerate
lif M has boundary we require all critical

points to be on the interior of M
* not strictly necessary

but common



recall a critical point off is a point peM such that

dfp = 0 (dfp : TpM + TRE

we say p is non-degenerate if the Hessian off at p

Hfp : TpMxTpM +IR

(w) + wo(f)

is a non-degenerate 2 - form (meaning that for

a fixed of TpM,
if HfpCw = O VWEToM

then e= 0 and similarly
ifIffpla,

w =0 FoTpM

then w=o
recall that we can think of a rectoroe TpM

as a derivation

: (om) + 1R : f + of

andw. f = of let

so of ER :· w. Irif) does not make sense !

to fix this we extend w to a rector field EX(M)
-

now Ef (P(M) and w. (f)

does make sence

BUT we need to see it is independent of

the extention ofe to

warning : this is not true unless p is

a critical point !



to see w . (E. f) is independent of the

extension we extend w to in
def 1

now ↓

[ (w. f)](p) -[SFof)]sp) =[,] f
↑

Lie bracket
at p= dfp(c,]) =p critical pt

so

2. (f) = (.(of)](p) = (wo (f)](p)

= weoff

that is woof) only depends on v=(p)

not on the extension

also this shows

Hfp is symmetric

exercise :

1) In local coordinates (Xi)--, Xn) at
p

show

that Hfp is given by the matrix

((p))=

in the basis Ex -- - En for TpM



2) show the expression in 1) is independent

of local coordinates (if p a crit. point)

3) note a point 10. 0) ET
*

M we have

TM T,0)
) T*M) = TraE Ob(diTiral

S/1

ToM

#f) where: TM + M is projection
and = image o

: M - #M zertion
p ++ (0. 0)

So we have a well-defined map

: Tpgl5
+M) + Tp

*

M

↑
only defined along zero section !!

it p is a critical point off then define

(f) : TpW x TpW->IR
P

(w) 1 - (p(dp(df(()) (w)

df : M-+
*M

dp(df) : ToM + TaT
*

M

Cp(dp(df)It) E TpM
show (dif)p = Hfp

note : wherever up defined
you get a



Hession of f
.

Can use a "connection"

to do this in general

4) Show p is a non-degenerate critical

point of fiM+ IRE)df : M + T
*

M

is transverse to the tho section E

· atp

5) show non-degenerate criticalpoints
are isolated

(think about what transversality
means)

Since Hfp is a symmetric ,
bilinear form

we may choose a basis so that

Hfp is represented by a diagonal
matrix with entries on the diagonal Il

we define the index ofp to be the number of -is

examples :

1) M = 52 unit sphere in 13

fis->R : (X
. y, ) ++ z



inder z
Z ①

S f
------- -

IR
-

·

index o

we have the standard cordinate chart

4 : D-5: (x,y) # (x
, y,
Fer

and

te : D
*
->5: (i>Wi-yr)

note: fod(xy) = X-yu critical point
↓ at 10.0/

so 10
,
0

, 1)
so d(fotu)=y F

*

y) crit
. pt. off

- Xy#=x+S

So at 10
.01 we get ( -i)

:. index of 10 ,0
,

17 is 2

similarly the critical point 10
. 0.-1) has index o

exercise : show no critical points
on equator.

2) recall MP" =
IR3- 310.

0
,03/1 where

(x, y,
z) - (t X

,
+y

,
+z)

for + + 0



F(xi
,5) t induces a function

on IRP2
exercise : Show - has 3 critical points

of index 0
,

1
,
2

one may apply the mmmmjet transversality theorem

to establish

ThM:

let m be any manifold
then the set of Morse functions is residualin COM;I.

Moreove
,
if C is a closed set on which f : M+ I is

already Morse
,
then J a Morse function

F: M + IR that
agrees with f on an open

set containing (

a residual set is a countable intersection of dense

sets and
, by definition, a Baire space is a

space where residual sets are dense

(P(M,
IR) is a Baire space

somefunctions are dense in CPR)

there are simpler ways to show Morse functions exist

on any manifold
,

but they do not give the

details in the above th and we will need

these details

(might prove this lates
-



Example
compact manifold with boundary

then there is a Morse function

f : M- IR

such that

1) f(m) c [0, %)

2) o is a regular value of f

3) f - (0) = 2M

let's see how to find such an f :

It is a standard fact from differential

topology that Jan embedding
e : ([0, 2) x (n) ->M

such that

· el3xzGM-2M is the identity, and

· im (e) is a neighborhood of CM in M

define f on im(e([. 32] x 2M)

Toe" : (([0.
42]) -> [0,]

Where : (0
, 2) x&M-[0, 3) is

projection
and extend to be 42 on the

rest of M



we can appoximate f by a smooth why can

function I such that
we do

If(x) - F(x)) > %4
,

S this ?

F = F on (20
,
/]x(M)

andf(x)> for x = >M - e(90, %3 x 2m)

note I has no critical points in (20, %87 x (M)
and O is a regular value

now by Thm 5 a Morse function

f : M + R

such that

· f = F on a nbhd of e (10, %] + &M) and

· If (x) - f(x)) < /

so f(x)> for x(e)[0
, %6) x2M)

thus fold = ↑"10) = F"(a) = 2 M

o is a regular value

f(x = 0 for all X + M

-example2 :

a cobordism W admits a Morse function

fiw-> IR

such that



· f (w) < [0, 1]
· 0

,
1 are regular values off

· f) = 2
.

W and f"(l) = z+
W

exercise : Prove this (very similar to example 1)

example 3 :

a cobordism Wof manifolds with boundary
where I = [0

.
1] x 2 (2

-

W]

admits a Morse function

f : w->

such that

· f(wl < [0. 1]
· o. are regular values off

· f"(0) = 2
-

W and f"(l) = 2th
· flow : (10, 13x 212

- (1) -> 10 , 17

is projection
exercise: Prove this (similare to exercise 2

but need care near

2 (2 w) & 2(2+ w))

example 4 :

if I is a submanifold of M
,
then J a Morse function

f : M +IR

such that flz is Morse
,

the critical points of fleare
critical points off

,
and they have the same index



Proof : let F: +R be any Morse function

let NIZ be a tubular wid of I in M

11
.
e

. Na nbhd of [ in M and is

a disk bundle ore 2)extend # to F : N-R by
s

f(p) = f(π(p)) + 1r(x))2

where riN+ [0, 0) : x>> distance + to [

Yuse some metric

now extend f to a smooth function on M

and approximatef by aMorse function f

agreeing with F on N

exercise : for a critical point on I show the

index of f = index of I

Remark : One may use jet transversality to show that

visidual set of

for a generic Morse function all the criticalpoints
have distinct values

Fact: On a compact manifold M a function f : M-IR

is "stable" f is Morse with critical

points having distinct values

a function f: M->R is "stable" if "functions

nearf are "the same" as+ up to differ "

18. J open set vc(P(M
, IR) around f st.

VgEV,
J differs P : M + M

,
4 : /R -> IR St.

g = 40fof


